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Measures and sequences of functions on locally compact spaces are studied, and
a condition is given that, for a sequence of functions that is weakly convergent in
L', ensures the strong convergence of a related sequence of functions. This result,
together with a new integral formula for the reflection coefficients ¢,(0) for the
monic orthogonal polynomial @, associated with a measure on the unit circle, is
used to investigate convergence properties of orthogonal polynomials. © 1991
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1. INTRODUCTION

In this paper we study measures and sequences of functions on locally
compact spaces, and consequences of these results for, and other related
results involving, orthogonal polynomials. The result we obtain for sequen-
ces of functions can be described as Tauberian in spirit, since in its main
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application it enables one to conclude the strong convergence of a sequence
of functions given that this sequence is weakly convergent. This result relies
on a lemma explaining how to deal with the part of a measure that is
singular with respect to another measure. Sections 2 and 3 presenting these
matters are readable without any knowledge of orthogonal polynomials.

As for the part of the paper discussing orthogonal polynomials, consider
a finite positive Borel measure u on the interval [0, 2rn) such that its
support, supp(u), is an infinite set. The polynomials ¢,(z)=¢,(dy, z)=
K,(dp) 2" + --- orthonormal with respect to u on the unit circle are defined
by the requirements that «, = k,(du) >0 and

1

2n — .
27, Pl e") g.(du, e") du(t)=34,,,. (1)

The monic orthogonal polynomials @&,=®,(du) are defined by
&,=x,'¢,. The Erdés class of measures are measures u for which
w(t)>0 for almost every te[0,2n). An important result of E. A.
Rahmanov [7, Theorem, p. 106] for measures in the Erdds class is the
following

THEOREM 1. Assume p'(t)> 0 for almost every te [0, 2n). Then

lim ®,(dy, 0)=0. (2)

n-— o0

A simplified proof of this result was given in [4] and subsequently in
[8]; the purpose of this paper is to further simplify the proof. Before we
can discuss this new proof, we need the concept of the *-operator. If p is
a polynomial of degree #, then p* is defined by

p*(z)=2"p(1/2). (3)

The *-operator can be used to define the reverse polynomials ¢*(du) and
D (dp).

In what follows, H' will, as usual, denote the Hardy space of functions
S holomorphic in the open wunit disk {z:|z[<1} such that
sup, <1 §o" | f(re”)| dt < 0.

The key ingredient of our new proof is the following result, which is
likely to have other applications in the theory of orthogonal polynomials
on the unit circle.

THEOREM 2. Let u be an arbitrary finite positive Borel measure on the
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interval [0, 2nt) such that supp(u) is an infinite set. Then for every fe H' we
have

L, o)
— D, (du, 0)—2,J0 “ g 2)

x(WA@JW
0s i 2P

Jfor all integers n=0 and 1> 0.

—ﬂn)m (c=¢) @)

Using this theorem, we will be able to give precise estimates for
¢n+l(d,us 0)'

THEOREM 3. Let p be a finite positive Borel measure in the interval
[0, 27) such that supp(u) is an infinite set. Then, writing z = e", we have

o 1) g(du, 2))?
@,y (du, 0)| < inf — | |22~ f(2)] d
O O ot 5[ g )
12 (dy, 2))? '
<inf —| |
(‘lgal 27CJ‘0 |¢n+1(d)u'9 2)'2 ¢ t
<|®,, (dy, 0)| 2
= n+ 1LGH, 1+|¢,,+1(d,u,0)12
<218, 1(dy, 0)] (5)

forn=0,1, ...

Remark. 1If u is the Lebesgue measure then the first inequality in (5)
turns into equality for all n=0, 1, .... More generally, if du = g dt, where g
is the reciprocal of a positive trigonometric polynomial of degree, say, m,
then the first inequality in (5) turns into equality for all n=m, m+ 1, ... (cf.
[1, Theorem 5.4.5, p.224] or [10, Theorem 11.2, p.289]). In addition,
since |@,,, ,(du, 0)| can be made arbitrarily close to 1, the third inequality
in (5) cannot be improved. Finally, since |@,, ,(dy, 0)] can be made
arbitrarily close to 0 as well, the last inequality in (5) cannot be improved
either.

The following result summarizes the subtle difference between the condi-
tions ¢’ >0 a.e. in [0, 2x) and lim,, , ., ?,(du, 0)=0, and gives a complete
characterization of these conditions in terms of L, ratio asymptotics of the
corresponding orthogonal polynomials.
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THEOREM 4. Let u be a finite positive Borel measure in the interval
[0, 2n) such that supp(u) is an infinite set. Then

lim &, (dy, 0)=0

n— oo

1 2n
< lim mf——f
n—»OCllen ]

6ol )2 ‘
— e — _1lidt= 6
6o am et =0 (©)

and
u()>0 ae. in [0, 27)

|4.(dps, eI
l¢n+1(dﬂy eit)|2

In what follows we will not always indicate explicitly the dependence of
the polynomials ¢,, &, and so forth on p; that is, we will write, for
instance, ¢,(z) instead of ¢,(du, z). We will follow this practice as long as
there is no danger that it will lead to confusion.

1' dr=Q. (7)

1 2n
< lim sup—f
n—»oo,>127t 0

2. ANNIHILATING THE SINGULAR PARTS OF MEASURES

Our main result about locally compact spaces will consider two
measures p and ¢ and a sequence of functions g, such that g2 dp weakly
converges to do, as described below. In the proof of this result the part of
o that is singular with respect to p plays a special role. The aim of this
section is to show how to deal with this singular part. To this end, let S
be a locally compact Hausdorff topological space. We recall that a positive
Borel measure p on S is a positive measure on the Borel sets of S such that
p(C) < o for every compact set C. p is called regular if

p(X)=inf{p(0): X< O, O is open} (8)
and

p(X)=sup{p(C): Cc X, C is compact } )

hold for every Borel set X« S. We have the following result, which is a
generalization of Lemma 1 of [4, p. 65].

LemMma 5. Let S be a locally compact Hausdorff space, and let p be a
positive regular Borel measure on S. Let o be a finite positive regular Borel
measure on S that is singular with respect to p. Then there is a sequence
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<(h,> of real-valued functions continuous on S such that 0 < h,(x) <1 for all
x €S and for all integers n =0,

lim A,(x)=1 a.e. with respect to p (10)

h— oC

and

lim jh"(x)da(x)=0. (11)

n— o0

Proof. Let E be a Borel set such that p(£)=0 and o(E)=0(S); let
{E,> be decreasing sequence of open sets such that p(E,)<1/n and
Ec E,. For every positive integer n, let C, be a compact set such that
C,cFEand o(C,)>d(E)— 1/n=0(S)— 1/n; such a C, exists in view of the
regularity of o.

Fix n> 1. Let A, be a continuous function mapping § into the interval
[0, 1] such that 4,(x)=0 for xe C, and A,(x)=1 for xe S\E,; as for the
existence of such an #,, see, e.g., [3, Theorem 18 in Sect. 5, p. 146]. Then
lim, , , h,(x)=1 holds for every xe S\, E,, ie., almost everywhere

n>

with respect to p, showing that (10) holds. Moreover, we have
[ 1(x) do(x) < o(5\C,) < 1/

thus (11) also holds. The proof is complete. |

3. A TAUBERIAN RESULT CONCERNING WEAK CONVERGENCE

Given two measures on the same measurable space, denote by da/dp the
Radon-Nikodym derivative with respect to dp of the part of do that is
absolutely continuous with respect to dp (cf. [2, Sect. 32, pp. 132-135]).
The following result has an application to orthogonal polynomials. This
result and its proof below were motivated by results obtained in the special
case concerning orthogonal polynomials on the unit circle (cf. [5, formula
(4.5), p-249] and [4, Theorem 3, p. 64]).

THEOREM 6. Let S be a locally compact Hausdorff space, and let p and
a be positive regular Borel measures on S; assume that o is finite. Put

Qz{xeS:d—a(x)>0}
dp
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and assume that p(Q) < co. Let {g,> be a sequence of nonnegative real-
valued Borel measurable functions on S such that

lim Supjf(X) £2(x) dP(X)SJf(X)dG(X) (12)

n— oc

holds for every nonnegative function f continuous on S and having compact

support. Then
1
lim infj /@ (x) dp(x) > p(Q); (13)
n— 0 gn(x) dp

in this formula, one should take 1/0 = + o0 and o -0=0.

The assumption that the measures p and ¢ are regular is a natural one.
In fact, Eq. (12) describes ¢ through specifying the integral of continuous
functions with respect to o; this, however, does not determine ¢ uniquely
but for the assumption of regularity, since integrals of continuous functions
determine ¢ only on Baire sets (cf. [2, Theorem D, Sect. 54, p. 239]; see
also the Riesz Representation Theorem in [9, Theorem 2.14, p. 40]).

Proof. We may assume that p(Q)> 0. Let f be an arbitrary real-valued
continuous function on S having compact support. By Holder’s inequality,
we have

1/4
(j (f(x)f‘jf (x)) dp(x))
o p

1 do 2 ,
S (Lz g.(x) Vdp (x) dp(x)) -p(2) -ff(X) g2(x) dp(x).

4

In the last integral we extended the domain of integration from £ to S; this
is clearly legitimate, since this may only increase the right-hand side.
Making n — o0, we obtain by (12) that

(J(r=0% (x))m o))

d 2
<(nnrgi£fj g}x) Eg(x)dp(x)) p(@)-[ f(x) dotx). (14)

4

Here we extended the domains of all integrals from € to S; this did not
make any difference, since the integrands outside 2 were zero in the
affected integrals. Now write o, for the part of ¢ that is singular with
respect to p. Then, clearly,

[ 160 dotx) = fx) ‘;j% (x) do(x) + [ (x) dor(x) (15)
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Let now <A,) be a sequence of functions satisfying the conclusion of
Lemma 5 with o, replacing ¢. Substituting 4, f, for f in (14) and then
making n — oo, and using (15) and Lebesgue’s Dominated Convergence
Theorem, we obtain that

(J (70 (x))m )

2

4

d
#(2)- [ 109 22 () do(), (16)

Let ¢> 0. By Lusin’s theorem (see, e.g., [9, Theorem 2.24, p. 55]), there is
a sequence of nonnegative functions {f,} continuous on S and having
compact supports such that f,(x) < 1/¢ for every xe S and

-1
lim f.(x)= <?E‘— (x) +s> in measure on £2.
k— o dp

Substituting f, for f in (16), using the version of Lebesgue’s Dominated
Convergence Theorem for convergence in measure rather than a.e. con-
vergence, making ¢ — 0, and using Lebesgue’s theorem again (now for a.e.
convergence), we obtain

1 2
(p(fz))‘*s(un:g i [ —— /gg (x) dp(x>) (@)

Therefore (13) follows. The proof is complete.

4. KNOWN CONSEQUENCES FOR ORTHOGONAL POLYNOMIALS

As we mentioned above, Theorem 6 has important consequences for
orthogonal polynomials. We are going to discuss these consequences in this
section. The key result is the following

LeEMMA 7. Let u be a finite positive Borel measure in the interval [0, 27),
and assume that y' >0 almost everywhere in this interval. Then

1 (2= )
lim inf——J |@,(du, z)| /' (t)de =1 (z=¢") (17)
27 0

n— 0
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and

|¢.(dp, )|
@0+ 1(dps, )|

Proof. According to [1, Theorem V.2.2, p-198] and its complex
conjugate, we have

1 2n
liminf inf — f

n-— 0 124n27T.

diz1  (z=e"). (18)

k

2n z 2n « i
fo mdr:jo Fdu(t)  (z=e") (19)

for all integers k and » with |k| < n. Hence for every 2z-periodic continuous
function f we have

fim f 0 f f(0)dut)  (z=e"; (20)

n— cC

indeed, this follows from (19) by the Weierstrass Approximation Theorem
(use the case k=0 of (19) to estimate the integral involving the error of
approximation). Now we use Theorem 6; for the space S in Theorem 6 take
the real line modulo 2=, and use this result with 1/|¢,(e”)|, the Lebesgue
measure on [0, 2xn), and p (defined in a natural way on S) replacing g,(?),
p, and g, respectively (note that on the real line every Borel measure is
regular, since every Borel set on the real line is also a Baire set; cf. [2,
Theorem E, Sect. 50, p. 218, and Theorem G, Sect. 52, p.2287). With this
substitution, (12) holds according to (20). Therefore (13) also holds, and
this implies (17).

We are now going to show that (17) implies (18). Indeed, writing z =e",
we have

1

2n
an | 18N dr

1 )
=52l T I

1 2 12 /1 n 1/4
<(z [ ) (5 [T e win )

1 2= 174
(5] Wty ar) a1

@2 WOV 1y (2 (W (1)) dt

according to Holder’s inequality. Moreover,

1

%j |bo(2)]? 1 dt<—j ()2 du(t)=1  (z=e") (22)
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according to the orthogonality relations (1). In virtue of this with m=n
and m=n+1 (21) entails

L2 |g,(2)] Lo d) (et
el e (Gl e O] = o

Therefore (18) follows from (17). The proof is complete. |

Following closely the argument given in [4, p. 68], we can use (18) to
derive the following, originally given in [4, Theorem 3, p. 64].

THEOREM 8. Let p be a finite positive Borel measure in the interval
[0, 27) such that y' >0 almost everywhere in this interval. Then

a2
I¢n+l(d,u’ Z)|2

2rn
lim sup f 1 l dt=0 (z=e"). (24)
4]

O =]

Proof. For all integers /> 1 and n>0 we have

1 2 2 1 2n ‘
ﬂfe #’i,z(ll‘)rzd’:gfo 16,2 Pdu(t)=1  (z=¢")  (25)

according to (19) and (1). Using this together with (18), the relation

.1 2 g,(2) 2 i
nhggfo <m—1> di=0 (z=e") (26)

can be obtained by multiplying out the square. By Schwarz’s inequality, we
have

1| g2 2

(EL brr@l d’)
1 (22 / |6.(2)l 21 e |ga(2)l 2 y
<5, (m“) 3, (m”) @ G

The first factor on the right-hand side here is less than 4 by (25) and the
inequality (a+ b)*> < 2a®+ 2b”. Hence (24) follows in virtue of (26). The
proof is complete. |

Remark. Formula (24) is equivalent to the condition that u’ >0 almost
everywhere in [0, 2n) (cf. Theorem 4 and [6, Theorem 1.1, p. 295]).

Another consequence of Lemma 7 is the following
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THEOREM 9. Let u be a finite positive Borel measure on the interval
[0, 2n), and assume that p’ >0 almost everywhere in this interval. Then

tim s [ (gl ) SO - 1P d=0 =) @D
and

tim o= g, P~ 1 dr=0 G=e) (28)
T

n-— oo 0

These results were given in [5, Theorem 2.1 and Coroliary 2.2.,
pp. 242-2437.

Proof. Formula (27) can be obtained by multiplying out the square and
then using (18) and (22), whereas formula (28) follows from (17), (22), and
(27) in exatly the same way as we derived (24) from (18), (25), and (26)
just before. The proof is complete. |

5. PROOF OF THEOREM 2

For the proof of Theorem 2 we need the following

LeEMMA 10. Let pu be an arbitrary finite positive Borel measure on the
interval [0, 2n) such that supp(u) is an infinite set. Then we have

1

2
@, A O) =5 [ dn D) ) =) (29)

forn=0,1, ...

Proof. Writing z = e", we have
1 o 2 1—n
) 4
1 2n
=3[ #2262 dut)

1 p2n n—1 4
= E;r- jo ¢n(z) (K,,Z + j;ﬂ W e l,nz)'l) dﬂ(l), (30)

where to get the last equation we used the notation

n—1
$u(z)=K,2"+ Y 02 (31)
=0
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Now we have (37 ¢,(z) z/du=0for 0< j<n in view of the orthogonality
relations (1); hence the right-hand side of (30) equals

1 2n
5ol Razalz) ).

We can calculate this integral by using the recurrence formula

Knlhn(O) =Kp 11651 1(0) —,11(0) 83,10 (32)

(cf. [1, formula (V.1.20), p.195] or [10, formula (11.4.6), p.293]).
According to this, the expression in (30) equals

Lot O [ g, (2) o),

et [, ) dutr) -
The first integral here is zero according to the orthogonality relations (1).
The second one can be calculated with the aid of (3) by noting that 1/7=z
for |z} = 1. Thus, the above expression equals

1 Q) 27 —
Lt e g T )

+10 1
= Oy T du)

Il

$n+1(0) (0) . -
£ J¢H@) Kur 214 Y M) du(o)
n+1 =0
(cf. (31)); we were able to add the extra terms on the right-hand side since
their integrals are zero in view of the orthogonality relations (1). Using the
orthogonality relations again, the right-hand side here equals

ol 0 2n 1 — n+1 0
400 )L B 1(2) B 1(2) (1) = ~¢K—(—)=—¢n+1(0),

n+1 n+1
verifying (29). The proof is complete. |
A simple consequence of this lemma is
COROLLARY 11. Let yu be an arbitrary finite positive Borel measure on
the interval [0, 2nt) such that supp(p) is an infinite set. Then we have
2 Ll—n )
z ¢ (dli, Z) (Zzen) (33)
1§+ 1(du, 2)°

for n=0, 1, ..., and for every integer | > 0.

@, (e 0) == [
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Proof. According to (19) the right-hand side of (33) equals to the right-
hand side of (29). Therefore, the result follows from Lemma 10. |
We can now turn to the

Proof of Theorem 2. Let fe H'. The polynomial ¢}({) has no zeros for
ICl < 1; ¢f, e.g., [1, Theorem 2.1, p. 198] or [10, Theorem 11.4.1, p. 292].
Hence, writing z = ¢” as before, we have

L ¢.(2) 1 ¢,({)
IR UOL e Mo

Xz) 27
Noting that 1/z=2z for |z| =1, by (3) we have
18,(2)°=6,(2) 8,(z) =279, (2) $¥(z)  (z=¢"),

Sy at=0. (34)

that is,

,9.2)
“9x@)

Therefore, by (34), the right-hand side of (4) can be written as

L 4,2) Iga@) 1 (2 g2z)
T RO BT T BT

The right-hand side here is equal to —@,,, 1(0) according to Corollary 11.
The proof is complete. |

9a(2)>=2"""g5(z)  (z=¢e"). (35)

dt.

Theorems 2 (or 3) and 8 can be used to give a

Proof of Theorem 1. As 1/z=z for |z} =1, we have

lzg.(2)/dx(z) =1  for [z]|=1; (36)
we can conclude from the first inequality in (5) with /=1 and ¢ =1 that
1 2| g(2))?
D, (0 <— —— 1) dL 37
@005 | g 7

Thus (2) follows from (24). The proof is complete. |

6. FURTHER RESULTS ABOUT @&,(0) AND
PROOF OF THEOREMS 3 AND 4

There are several consequences of Theorem 2 and of the closely related
Lemma 10. The first result we are going to discuss was given as Theorem 1

640/65/3-7
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by Rahmanov [8, p. 150]. We will write y for the singular part of y (that
is, singular with respect to the restriction of the Lebesgue measure to Borel
sets).

THEOREM 12. Let u be a finite positive Borel measure in the interval
[0, 27) such that supp(du) is an infinite set. Then we have

@0 O < inf == [ | 19,207 40— S(2)]
1 2rn
a2 ] 1820 dinlt)

<2i 6D () —1]dt (z=e™)  (38)

for n=0,1, ...
This theorem together with (27) given another proof of Theorem 1.

Proof. Let fe H'. Writing z=¢", by Lemma 10, (35), and (34) we
obtain that

@0 0= [ 22 16,07 dutr)

_1— 2 ¢n Z)
J‘ ¢n() |¢n Z)| ﬂ(t) f(Z))df

L 4,(2)
*EJ 43 )

Taking the absolute values of the integrands, the first inequality in (38)
follows in view of (36). As for the second inequality, observe that

l¢( )| du().

1 2= 1
= [ d == [ 5= [ 18, w0 d

1 2n
=5 [ 0= 18,20 W) d

1 2n
<o= | g Wi =11 di (39)
2n 0
the second equality here follows from the orthogonality relations (1). Thus

taking f=1 in the infimum in (38), the second inequality in (38) also
follows. The proof is complete.
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Remark. We point out that the inequality
2n )
(@, (0)) <const- | g w1 di (z=e")
which is somewhat weaker than (38) was also proved in [6, Corollary 1.4,
p. 2967 independently of [8].
We are now in a position to turn to the

Proof of Theorem 3. The first inequality follows from Theorem 2 and
(36), while the second and fourth inequalities are obvious. We are going to
prove the third inequality. To this end, let ¢ be an arbitrary real number.
Writing z=e" and using Schwarz’s inequality, we obtain

|.(2)I?

1 2 2
(27 ) Puar) € d’)

L | I [ )
2o 18w @1 1gra 10,02

) Vaa2)
i) 18

dt

2

d.  (40)

S

Lz @R 1
df —
<l woer aml,

The first integral on the right-hand side here is 1 according to (25).
Expanding the square in the second integral and using (25) again, we can
see that the right hand side here is

CZ an |¢n+1(z)|2
1—2C+57;f0 Wdt. (41)

Express ¢,(z)/¢, . 1(z) with the aid of the recurrence formula (32), and then
take the squares of the absolute values of both sides. Noting that |z| =1,
and so we have |¢¥(z)/¢,(z)| =1 according to (36) (or (3) directly), we
obtain

) | e (zm_)———— 2
9.(2)1? K2 <1+2m I )¢n+1(0)+l¢(0)| )

n

Using (3) and the fact that z=1/z, we have

L D, L ) e g,
N v L Nl x el b= N e LA
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the last equality holds according to (34) with f= 1. Therefore

L 2nl¢n+l(z)]2 _Ki+1 2 _1+|¢n+1(0)]2
27'5—[‘() I¢n(z)’2 dt—‘ K,Z, (1+I¢n+1(0)| )—1""¢n+1(0)l2 (42)

To obtain the last equality here, note that
Ky =Ko+ 9, 1(0) =) +x2D,, 1(0)%
see, e.g., [1, formula (V.1.17), p.195] or [10, formula (11.3.6), p.290].
Hence
K2 1

ntl . 4
< 1= (8,00 )

Thus, putting (40)-(42) together, we obtain that

1) 14, (2)? \/ S1+10,, (0
o M e e LN e ey

holds for every real number ¢. Finally, substituting

—C

_1-12,,,00)°

= >0
1+1®,,,00)°

(cf. (43)) here, we obtain the third inequality in (5). The proof is com-
plete. |

Proof of Theorem 4. The implication “<" in formula (6) follows
immediately from Theorem 3. On the other hand, by the recurrence
formula

Kn@n i 1(0) = 2K, 18,(0) + ¢4 1(0) 83(0)
(cf. [10, formula (11.4.7), p. 293]) and by (43) the condition
lim @,,,(0)=0
implies

. Pale”) —
Iim —/———= i
n= o ¢n+ 1(6’”)

uniformly for all real ¢. Hence “ =" in (6) holds as well. The implication
“="in formula (7) is the same as Theorem 8 (cf. [4, Theorem 3, p. 64]).
Finally, “<" in (7) was proved in [6, Theorem 1.1, p. 295]. The proof is
complete. |
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7. THE BEST POLYNOMIAL APPROXIMATION OF
ORTHOGONAL POLYNOMIALS

The next theorem says that ¢, is close to what in a sense is the best
polynomial approximation of ¢, ,.

THEOREM 13. Let u be a finite positive Borel measure in the interval
{0, 2%) such that supp(du) is an infinite set and let [, n =0 be an integers.
Given an arbitrary polynomial p of degree at most n, we have

|¢.(du, 2)|°

1 2r
%L 6 (dp, 2)>

1=/ 1p(2) : _ i
Szfﬂfo <|¢,,+,(du,z)|‘1> e le=e) ()

This result and its proof is motivated by Rahmanov’s Lemma 2 in [8,
p. 1531

1§ dt

Proof. Writing z=¢", we have

1| g
s M ek
1| 162 [ 182) _|p(z)|> 1p(2) _‘
2, |¢,,+,(z)|<|¢,,+,(z)| 6.1 oL@
YOI ST
27 d0 160t | Bns @] 1622
Lo el
*3he (B 1"1" )

Applying Schwarz’s inequality to the first integral on the right-hand side
we obtain
2
dz)

( 1 Jzn .21 | 16,2 1p(2)|
L _Iga(2)I? 1 g 2)  Ip(2)]\?
<_L 6 L ( |> dt

2090 10 2 1602 1(2) 18a(2)]
Son 2ndo \1§os i@ 18a(2)

6. 0(2)12 7 27

U @R L @l L p()?
3wl ol o )

(46)
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The equality here follows by using (25) and then expanding the square in
the second integral on the left-hand side. Noting that

L 1pG) L PGP 4 is0)

de 16,2120 2ndo [nei(2)]

holds according to (19) and using (25) again, the right hand side of (46)
can be seen to be equal to

2

lp(2)l il

TG

lf" |p(z2)] st f" |p(2)I? 4 lr"

T e 1@ C T 2mde 0P T

0

To sum up, the right-hand side here is greater than or equal to the square
of the first integral on the right-hand side of (45). A simple application of
Schwarz’s inequality shows that the right-hand side here is also greater
than the square of the second integral on the right-hand side of (45). Hence
(44) follows. The proof is complete. |

8. MORE ABOUT THE ERDGS CLASS

In this section, we give some more information about orthogonal
polynomials associated with the Erdos class of measures, that is, those
measures on [0, 2x) for which u’ > 0 almost everywhere in this interval. As
in Section 6, u, will denote the singular part of p. Our first result is

THEOREM 14. Let u be a finite positive Borel measure in the interval
[0, 2%), and assume that p' >0 almost everywhere in this interval. Let f be
a 2m-periodic continuous function. Then, writing z=e", we have

1ol f(1) ?
Jim, 2?[0 <I¢n(du,2)l_1> a

1 2 2 1 27
=ZL (f(t) /;/(t)—l) dt+EJ0 SHO dps(0). (47)

Proof. The result follows simply by expanding the squares in the
integrands on the both sides, and then using (20) above and the formula

Lm0
w210 16,(0)]

valid for every bounded measurable function f/ and every measure p as

dr=2if2"f(t)\/u’(t)dt (z=e"),  (48)
T o
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described in the theorem to be proved. This formula is a direct consequence
of the relation

im [

given as formula (2.3) in [5, p. 243]. As shown in [5, p. 250], this formula
can be easily obtained by Schwarz’s inequality from (27) by using (20) with
f=1. Note also that (48) is valid for an even wider class of functions
(it is valid if fe L*[0,2n); cf. [5, formula (5.3), p.251]). The proof is
complete. ||

1

- di=0 (z=e"),
6.1 ’ (z=¢")

w(r)

The next result is Rahmanov’s Lemmas 2 and 3 in [8, pp. 153-155].

THEOREM 15. Let u be a finite positive Borel measure in the interval
[0, 2r). Then, writing z = e”, for every polynomial p, of degree at most n we
have

2 p2m 2r
@i O <2 [ (1pten JEO 1) a2 [ st (99)
TYo 0

forn=0,1, ...

Proof. 1f 4/ >0 almost everywhere in [0, 2n) then the result is a direct
consequence of (5) (use the second inequality with ¢=1), (44), and (47).
Otherwise, apply (49) with u,=u+em where m denotes the Lebesgue
measure and £ >0, and let ¢ tend to 0. The proof is complete. |

COROLLARY 16. Let u be a finite positive Borel measure in the interval
[0, 2n), and assume that u' >0 almost everywhere in this interval. Then,
writing z = e", we have

4 2n
@, (a0 < min 2 (1216, a0 ) S ) (s0)

0<j€nT o
forn=0,1, ...

Proof. Using the preceding theorem with p=4¢, and expanding the
square on the right-hand side of (49), we obtain

@, OP <2 [ 140 W) d

4 r2n 2n 2n
2Tl Vi@ e [ a2 19,02 dugo
\] Yo Yo

T
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Noting that the sum of the first and last terms on the right-hand side is
equal to the third term in view of the orthogonality relations (1), formula
(50) follows. The proof is complete. |
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